Abstract. Teichmüller curves are geodesic discs in Teichmüller space that project to an algebraic curve in the moduli space Mg. We show that for all g ≥ 2 Teichmüller curves map to the locus of real multiplication in the moduli space of abelian varieties. Remark that McMullen has shown that precisely for g = 2 the locus of real multiplication is stable under the SL2(R)-action on the tautological bundle ΩMg.
Introduction
The bundle ΩT g of holomorphic 1-forms over the Teichmüller space has a natural SL 2 (R)-action given by postcomposing the charts of the 1-form with the linear map and providing the Riemann surface with the unique complex structure that makes the new charts holomorphic. The orbit of (X, ω) ∈ ΩT g projected to T g is a geodesic  : H → T g for the Teichmüller metric. Only rarely these geodesics project to algebraic curves C = H/Stab() in moduli space M g . These curves are called Teichmüller curves and (X, ω) a Veech surface. Veech ([Ve89] ) constructed a series of examples in all genera. We will say more about Stab() in section 1.
McMullen has shown in [McM1] that in genus 2 a Teichmüller curve always maps to the locus of real multiplication in the moduli space of abelian varieties A g . Moreover he shows that the locus of eigenforms of real multiplication is SL 2 (R)-invariant. As the property of having a double zero is also SL 2 (R)-invariant he constructs examples which are not obtained via coverings of elliptic curves. McMullen also shows that for g > 2 the locus of eigenforms is no longer SL 2 (R)-invariant.
We investigate the variation of Hodge structures (VHS) of the family of Jacobians over a Teichmüller curve. It turns out that the underlying local system has a Q-factor which is the sum of r rank 2 local systems given by the action of Stab() and its Galois conjugates. Here r ≤ g equals the degree of the trace field of Stab() over Q. As a consequence we obtain for all genera:
Theorem 2.5. The image of a Teichmüller curve C → A g is contained in the locus of abelian varieties that split up to isogeny into A 1 × A 2 , where A 1 has dimension r and real multiplication by the trace field K = Q(tr(Stab()), where r = [K : Q]. The generating differential ω ∈ H 0 (X, Ω 1 X ) is an eigenform for the multiplication by K, i.e. K · ω ⊂ Cω. From the description of the VHS we also deduce that the Teichmüller curve C is defined over a number field and that in case r = g its image in the moduli space of abelian varieties is not contained in any smaller Shimura subvariety than the locus of real multiplication. Furthermore we show that in case r = g Teichmüller curves are characterized by a variation of Hodge structures as sketched above. The precise statement is in Theorem 2.11.
Using the Higgs bundles associated to the VHS (see section 3) we obtain, still in case r = g an algebraic description of Teichmüller curves. We pass to a finite cover to have the pullback of the universal family of curves X → C over the Teichmüller curve.
Theorem 5.3. Suppose that Jac (X/C) is simple. Suppose that the Higgs bundle of f has precisely one rank two Higgs-subbundle with maximal Higgs field. Then C → M g is a finite covering of a Teichmüller curve and necessarily r = g.
This (see for details) implies in particular that Teichmüller curves are defined over Q and that the absolute Galois groups acts on the set of Teichmüller curves with r = g. Note that for r = 1 we also know an algebraic description i.e. as Hurwitz spaces (see [Mö03] ). It would be intereresting to characterize the other Q-factors of the local system that can appear for r < g and thus to prove the above results also in the 'intermediate' cases.
The author thanks Eckart Viehweg for his constant encouragement to describe the VHS of Teichmüller curves and for many fruitful discussions.
Setup
Complex geodesics Start with a Riemann surface X of genus g ≥ 2 and a quadratic differential q ∈ H 0 (X, Ω ⊗2 X ). This pair determines a complex geodesic : H → T g for the Kobayashi metric in Teichmüller space. We will restrict to the case that q = ω 2 is a global square of a 1-form. SL 2 (R)-action Denote by ΩT g the vectorbundle over the Teichmüller space T g whose fibres are global holomorphic 1-forms. Its norm one hypersurface Ω 1 T g has a natural SL 2 (R)-action: Given
There is a unique complex structure on the topological surface underlying X such that η is holomorphic. Call this surface Y and let A · (X, ω) = (Y, η). The fibres of the projection Ω 1 T g → T g are stabilized by SO 2 (R). The quotient mapping H ∼ = SL 2 (R)/SO 2 (R) → T g is another description of the Teichmüller geodesic generated by (X, ω) (or ω 2 to be more precise).
Teichmüller curves
In some rare occasions the projection H → T g → M g to the moduli space of curves of genus g is an algebraic curve. This is equivalent to the setwise stabilizer Stab() of H under the action of the mapping class group being a lattice in SL 2 (R). In this case we call (or C := H/Stab() or j : C → M g ) a Teichmüller curve generated by (X, ω). If we change the basepoint i.e. start with A · (X, ω) instead of (X, ω), this amounts to replacing Stab() by
The results in the sequel will not depend on taking a subgroup Γ of finite index in Stab(). For technical purposes we choose Γ such that i) Γ acts freely on H, hence there is a family π : X → C [n] , where C [n] := H/Γ and ii) the monodromies of Γ around the cusps of C [n] are unipotent. We may achieve this by projecting H to a (fine) moduli space M
[n] g for curves with some level structure. We usually drop the exponent [n] from C [n] to ease notations. We denote by f : A = Jac (X/C) → C the family of Jacobians of X.
The affine group
The differential ω defines a flat structure on X i.e. an atlas of charts, whose transition functions are translations. Let Aff + (X, ω) denote the orientation-preserving diffeomorphisms, which are affine with respect to the flat structure. D : Aff + (X, ω) → SL 2 (R) associates with such a diffeomorphism its matrix part. We denote the image of D by SL(X, ω). This group is related (see [McM1] Prop. 3.2) to the stabilizer by
The kernel of D is the group of conformal automorphisms of X preserving ω.
Real multiplication
A family of polarized abelian varieties (π : 
where k ∨ is the induced endomorphism on the dual abelian variety. Two such abelian varieties are said to be isomorphic, if there is an isomorphism respecting the polarization and the K-action.
) is diagonalizable and we may choose an eigenbasis {ω 1 , . . . , ω r }. We call ω i an eigenform for real multiplication. If S is simply connected R 1 π * Z is free and we may choose a symplectic basis {a i , b i } adapted to {ω i } i.e. such that in each fibre a i ω j = 0 and b i ω j = 0 for i = j. We thus obtain a moduli functor (in the complex category) for abelian varieties with real multiplication by K with an adapted symplectic basis. Its moduli space is H r . If we fix a level structure instead of a symplectic basis and if we fix the precise type of the real multiplication, i.e. an embedding of an order o ⊂ K into the endomorphism ring of the abelian variety, two elements of H r become identified, if they lie in the same orbit of a group ∆ commensurable with SL 2 (o) depending on the choices. Here the r embeddings K ֒→ R induce a map SL 2 (o) ֒→ SL 2 (R) r and SL 2 (o) acts on H r via this map. As above we do not care about specifying the level structure or the order o as the results will not depend on passing to unramified covers. For more details see [LaBi92] , [vG87] and [McM1] , [McM3] .
Splitting of the local system
For a field L a L-variation of Hodge structures (VHS) of weight n over a curve C consists of
. The VHS is polarized if there exists a hermitian form (·, ·) on E such that the decomposition E = ⊕E p,n−p is orthogonal and such that i p−q (v, v) > 0 for all v ∈ E p,q .
The family f : A → C of Jacobians has naturally a polarized VHS of weight one. For a Teichmüller curve we can say more on the structure of the VHS. Consider the real cohomology of the fibre X over c ∈ C(C). The subspace L c := ω, ω ⊂ H 1 (X, R) is invariant under the action of Γ by the defining equation (1). We thus obtain a rank 2 linear subsystem
whose fibre over c is L c . Let φ ∈ Aff(X, ω) be a diffeomorphism, whose image D(φ) lies in Γ and which is hyperbolic. Denote its trace by t. Then L c may also be described as Ker((φ * + (φ * ) −1 ) − t · id), where φ * denoted the induced morphism on H 1 (X, R) (see [McM2] Thm. 9.5).
Lemma 2.1. L R is defined over a number field K 1 , which has degree at most two over
Cor. 9.6 the traces of any two hyperbolic elements generate the same field of degree ≤ g over Q, hence K is a number field. By Takeuchi ([Ta69] ) it suffices to take K 1 = K(λ), where λ is an eigenvalue of a hyperbolic element in Γ.
2.
Denote by L the Galois closure of K 1 /Q and let r = [K : Q].
Proof: If L and L σ are isomorphic, the traces of Γ are invariant under σ, hence σ has to fix K. The converse follows from the description
Denote the conjugates of L under a fixed system of representatives of Gal
Proof: V carries a polarized R-VHS and the L i are irreducible local systems. Hence the version of Deligne's semisimplicity Schmid in [Sd73] Thm. 7.5 implies that V splits as
where M j are irreducible C-local systems, W i and W ′ j are C-vector spaces and the {L i , M j } are pairwise non-isomorphic. Again L c = Ker((φ * + (φ * ) −1 ) − t · id) yields that W 1 is onedimensional and by Galois conjugation the same is true for all W i . We can now apply [De87] Prop. 1.13. to show that the (L i ) C are sub-C-VHS. Indeed, the irreducibily of the (L i ) C implies that the projection to (L i ) C is an endomorphism of V C of bidegree (0, 0). As the L i were defined over L and as W L is Gal(L/Q)-invariant, the claims on the field of definition follow.
2.
Denote by End(V L ) = H 0 (C, End(V L )) the global sections of the local system of endomorphisms. We have The Q-decomposition of V translates into isogeny
where dim A 1 = r. Finally note that as the decomposition of V L respects the polarization and a · id L i is compatible with the polarization for all a ∈ K the family A/C has real multiplication by K in the sense of section 1. We have shown: 
Remark 2.6. McMullen noted in [McM1] Thm. 7.5 that the eigenlocus for real multiplication is for g ≥ 3 no longer invariant under the action of SL 2 (R) on holomorphic differentials of Riemann surfaces of genus g. He starts with an eigendifferential ω = xdx/y for ξ = ζ 7 + ζ −1 7 on the curve X : y 2 = x 7 − 1 and shows the following: The extra automorphisms of X are elements of Aff + (X, ω). The group SL(X, ω) contains an element γ with trace ξ, but nevertheless the SL 2 (R)-orbit of (X, ω) leaves the locus of real multiplication. This is no contradiction. The point is that the proof of Thm. Endallgemein relies on Deligne's semisimplicity, which holds over complex varieties which are the complement of an analytic variety in a compact variety. The upper half plane (even mod γ ) is not of this type.
Remark
In fact one can write (ω i ) 2 = ω i−1 ω i+1 and apply Ahlfors variational formula to show that the SL 2 (R)-deformations leave the locus of real multiplication.
The Quaternion algebra assoicated with SL(X, ω) For a Fuchsian group Γ contained in SL 2 (K 1 ) for some number field K 1 with trace field K the vector space K · Γ naturally has the structure of a quaternion algebra Q over K. The above description yields:
Corollary 2.8. The quaternion algebra Q associated with SL(X, w) is isomorphic to M 2 (K). In particular we may choose K = K 1 .
Proof:
The result does not depend on passing from SL(X, ω) to Γ. The fibre of ⊕ r i=1 L i over c is defined over Q, say it equals F ⊗ Q L. An element γ ∈ Γ acts on this fibre as diag(γ, γ σ 2 , . . . , γ σr ), where σ i ∈ Gal(L/Q)/Gal(L/K). This action commutes with the action of k ∈ K on F ⊗ Q K 1 as diag(k, k, k σ 2 , k σ 2 , . . . , k σr , k σr ). Hence K indeed acts on F and we obtain a map D : Γ → SL 2 (K). The action on F ⊗ Q R corresponds to postcomposing D with the r maps SL 2 (K) → SL 2 (R) from the embeddings K ֒→ R. The first embedding corresponds to the action on the subspace Re ω, Im ω .
2
Modular embeddings
The expression 'modular embedding' is used in the literature for maps from H n to the Siegel half space H n equivariantly for some group actions (see [vG87] ) and for maps H → H n with some equivariance conditions (see [CoWo90] , [ScWo00] ). We compare that latter type with maps induced from Teichmüller curves.
A subgroup ∆ of SL 2 (R) acting on H n is called arithmetic if there is a quaternion algebra Q with n unramified infinite places and an order O in Q such that ∆ is commensurable to the norm unit group {M ∈ O : M O ⊂ O, det(M ) = 1}. A Fuchsian group Γ is said to have a modular embedding if there exists an arithmetic group ∆ acting on H n for an appropriate n, an inclusion ϕ : Γ ֒→ ∆ and a holomorphic embedding φ = (φ 1 , . . . , φ n ) : H → H n such that φ 1 = id and φ(γz) = ϕ(γ)φ(z).
For the rest of this section we restrict to the case r = g.
Corollary 2.9. After a change of basepoint a subgroup Γ of the affine group SL(X, w) of a Teichmüller curve admits a modular embedding into H g , where g = [Q(tr(SL(X, w))) : Q].
Proof: With the choices for the symplectic basis adapted to real multiplication made in the setup, the universal property of the moduli space of abelian varieties with real multiplication gives a holomorphic map φ : H ֒→ H r . Its components are given by
The rest is parallel to the case r = 2 (see [McM1] Thm 10.1): φ 1 is an isometry ([McM1] Thm. 4.1), hence a Möbius transformation. Changing the basepoint we may suppose it is the identity. Passing to a suitable level structure and hence from SL(X, ω) to Γ we may suppose that D is an isomorphism. Letγ = D −1 (γ) and let o ⊂ K be an order, such that o ֒→ End(A/C). The diffeomorphismγ acts on the fibre (⊕ g i=1 L i ) c as an element of SL 2 (o) via the embeddings of K → R. The restriction of this action to L 1 is just the action of γ. Hence φ is equivariant with respect to the actions of Γ and a subgroup ∆ of finite index in the arithmetic group SL 2 (o K ).
2 This statement admits a converse, but depending on being able to detect the Schottky locus in A g . → H g , (z 1 , . . . , z g ) → diag(z 1 , . . . , z g ) maps H to the Schottky locus, then H/Γ maps to a Teichmüller curve in M g .
Proof:
The hypothesis on the Schottky locus implies that we have maps H → T g → H g → H, where the last map is H g ∋ Z → z 11 . The composition of these maps is the identity, hence each map is an isometry with respect to the Kobayashi metric, i.e. H → T g is a geodesic. As H → H g is equivariant with respect to Γ → ∆, the stabilizer of H is a lattice and H → T g a Teichmüller curve.
A converse
We now show that in case r = g, or equivalently M = 0, Teichmüller curves are characterized by a splitting of the local system as in Prop. 2.3.
Theorem 2.11. Let π : X → C = H/Γ be a family of curves of genus g such that Γ has trace field K with [K : Q] = g. Suppose the local system of the family splits as
where L is some number field such that after SL 2 (R)-conjugation i : Γ ֒→ SL 2 (L) and L is the rank 2 local system over L defined by this inclusion. Then C → M g is a finite covering of a Teichmüller curve.
Proof:
As above the family of Jacobians f : Jac (X/C) → C has real multiplication by K. Denote by X the fibre over c ∈ C. H 1 (X, Q) acquires a structure as K-vector space and the action of Γ commutes with K. Hence as above we may suppose Γ ֒→ SL 2 (K). After choosing a symplectic basis on Jac (X/C) the moduli map for abelian varieties with real multiplication gives φ = (φ 1 , . . . , φ g ) :
Using the description of the local system R 1 π * K we notice that φ is equivariant with respect to the map i composed with the map SL 2 (K) → SL 2 (R) g induced from the g field embeddings.
φ 1 is equivariant with respect to Γ acting on domain and range via its (Fuchsian) embeddings to SL 2 (R). Hence φ 1 descends to a holomorphic endomorphism φ 1 of H/Γ. As φ 1 cannot be constant it has to be an isomorphism, hence φ 1 is an isometry. The same argument as in the proof of Thm. 2.10 implies that H → T g → H g is an isometry for the Kobayashi metric, in particular the first map is isometric. 2
Higgs fields
A Higgs bundle (E, Θ) on a curve C is a vector bundle E together with a holomorphic map E → E ⊗ Ω 1 C . The VHS of f : A → C has naturally an associated Higgs bundle: We denote the smooth compactification of C by C and we let S = C − C. Let A be any smooth compactification of A over C and let A S := f −1 (S). The Deligne extension of (R 1 f * Z C ) ⊗ O C carries a Hodge filtration and E = E 1,0 ⊕ E 0,1 is the associated graded sheaf. The Higgs field Θ = Θ 1,0 comes from the edge morphism
of the tautological sequence
Recall that the polarization of a VHS implies that E 1,0 ∼ = (E 0,1 ) ∨ . The decomposition in Prop. 2.3 of R 1 f * C as polarizable VHS yields a decomposition of the Higgs bundle (E, Θ), where each L i contributes a direct summand (log S). Hence L i would become isomorphic to L 1 after replacing C by a finite cover. But for σ ∈ Gal(L/K) not fixing K the group Γ σ is not conjugate to Γ because σ changes traces.
The converse implication of Lemma 2.1 in [ViZu02] gives:
Corollary 3.2. The groups Γ σ for id = σ ∈ Gal(K/Q) are not Fuchsian. 
Global sections
Recall that the local system of a Teichmüller curve has a decomposition
has no global sections of bidegree (−1, 1).
Proof: We tensor W L and its summands by C, but we omit this from notation. As above
First we show that End(L i ) has only the global sections C · id, which are in bidegree (0, 0). The group Γ contains a parabolic element γ. Its action on a fibre of End(L i ) decomposes into 2 Jordan blocks, one of size 1 containing the identity and one of size 3. As global sections are flat, they are contained in a unitary subbundle, on which a unipotent element has to act trivially.
has no global sections at all. We may suppose that the parabolic element γ is in SL 2 (Q). Over H/ γ the local systems L i and L j are isomorphic. Choose a basis {v i , w i } of a fibre of L i such that γv i = v i and denote their conjugates by {v j , w j }. As global sections form a direct summand of
Rem. to Thm. 4.2.6) the only possible section is v i ⊗ w j − w i ⊗ v j . Now take any hyperbolic element δ ∈ Γ -whose trace is not Galois-invariant -to see that δ does not fix
The following Lemma will be used to determine Mumford-Tate groups in section 4. The facts on Schur functors S λ (·) for a partition λ of {1, . . . , m} used below can be found in [FuHa91] chapter 6.
generated by tensor products of global sections of the (trivial) bundles det(L i ).
Proof: We tensor W L and its summands by C, but we omit this from notation. Renumber the indices such that the d i are non-increasing. We have
for partitions λ i . The Schur functors for partitions with 3 or more rows are zero, because the L i are of rank two, while we have for a
As the L i have trivial det-bundles and the L i are self-dual it suffices to show that L = ⊗ i∈I Sym a i (L i ) has no global section of bidegree (p, p) for any non-empty subset I ⊂ {1, . . . , r} and any a i > 0 with a i = p. By Galois conjugation we may assume 1 ∈ I. Denote by (F , θ) the Higgs bundle corresponding toL. The subsystemŨ ofL generated by all global sections is a polarizable sub-VHS, hence a direct summand by semisimplicity. Consider a rank-1 subbundle U of U of type (p, p). As global sections are flat, the extension U of U ⊗ O C gives a sub-Higgs-bundle (U, 0) of
where α = {α i , i ∈ I} and |α| = α i . By Simpsons correspondence ( [Si90] ) between local systems and Higgs bundles the subHiggs-bundle U is a direct summand and has degree 0. Hence U is a sub-bundle of the sum over all α with deg α := α i d i = 0. Denote by Λ the set of α such that U → F α is non-zero. Order Λ lexicographically. If for one α 0 (hence the first) we have α 0 1 > 0 then the Higgs field does not vanish on U: For degree reasons, i.e. as d 1 > d i for all i, among the F α for α ∈ Λ only the Higgs field of F α 0 maps to F α−(1,0,..0) ⊗ Ω 1 C (log S). This map is not zero by Lemma 3.1. This contradicts the flatness of U 1 . If α 1 = 0 for all α ∈ Λ we restart with the complex conjugate local system U, whose Higgs bundle is the dual of U. 2
Shimura varieties
Suppose that M vanishes, i.e. that r = g. This implies that V does not split over Q. We will refer to this condition by saying that A (or equivalently its generic fibre) is simple. For dimension reasons the generic fibre of A cannot have an endomorphism ring bigger than K. We now investigate, if the Teichmüller curve C might map to a Shimura subvariety of the locus of real multiplication. 
By Lemma 3.4 the local system W ⊗m ⊗ (W ∨ ) ⊗m ′ contains no Hodge cycles other than tensor powers and products of the above, hence Hg K = Hg(R 1 f * Q). 2
Rigidity, Galois action
Teichmüller curves with r = 1 i.e. trace field Q are obtained as unramified coverings of the once-punctured torus. They are called square-tiled coverings or origamis because of this topological description. As they are Hurwitz spaces, they are known ( [Lo03] , [Mö03] ) to be defined over Q. This is true for all Teichmüller curves: We have seen that
The Hodge bundle f * Ω 1 A/C ∩W Q generates a family g : A 0 → C of abelian subvarieties of f : A → C. They inherit from A a polarization of type δ, not necessarily principal. 
An algebraic description of Teichmüller curves
Start with a family of curves π : X → C = H/Γ of genus g and let V = R 1 π * Q. As above let f : A → C denote the family of Jacobians. 
Proof:
The hypothesis is stable under passing to a finite covering, so we may suppose that the monodromies around the cusps are unipotent. By Simpsons correspondence (see [Si90] or the summary in [ViZu02] ) the local system V C has a rank two direct summand L. By Lemma 2.1 in [ViZu02] the action of π 1 (C) on a fibre of L is just the action of Γ ⊂ SL 2 (R). We claim that the trace field of Γ is a number field K. Indeed the Q-algebra F of traces of all γ ∈ π 1 (C) acting on a fibre of V is finite dimensional over Q as π 1 (C) is finitely generated. And the Q-algebra of traces of γ acting on a fibre of L is a quotient of F . As in Lemma 2.1 we may assume that Γ ∈ SL 2 (K 1 ) for a number field K 1 and we let L be the Galois closure of K 1 /Q. In order to proceed as in Prop. 2.3 and Thm. 2.11 we have to ensure that no two of the Galois conjugates of L are isomorphic. If this was the case a conjugate of L would be isomorphic to L and this contradicts the uniqueness of the rank 2 Higgs-subbundle with maximal Higgs field. 2
This characterization may not be very useful to construct Teichmüller curves but it has the advantage of being completely algebraic. In [Mö03] we noted that the absolute Galois group G Q acts on the set of all origamis (in fact faithfully in an appropriate sense). We can treat here the other extreme case.
Corollary 5.4. The absolute Galois group acts on the set of Teichmüller curves whose Jacobian is simple.
Proof: Having a simple Jacobian is clearly G Q -invariant. The construction of the Higgs bundle (see section 3) is algebraic. So the Higgs bundle of the Galois conjugate curve will have as many Higgs subbundles of a given rank as the original one. And G Q preserves the property of Θ 1,0 to be an isomorphism on a subbundle. 2
